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Accurate molecular dissociation energies D e of stable diatomic electronic states play an important role in the studies of molecular structures, reactive scatterings, and astrophysics. [1−4] Experimentally, recent extensive efforts have been focused on dissociation energies of a series of electronic states of diatomic alkali molecules [5−12] using high resolution experimental apparatus such as the Doppler-free polarization spectroscopy, the polarization labelling spectroscopy, the optical-optical double resonance excitation spectroscopy, and the high-resolution pulseamplified laser. Theoretically, many studies on D e have used ab initio methods which have different features and use many basis functions with variational parameters. [2−4] However ab initio studies may have difficulty obtaining accurate values of dissociation energies for many molecular systems due to theoretical limitations such as the breakdown of BornOppenheimer approximation in the molecular dissociation region. The values of molecular dissociation energies have also been determined by using BirgeSponer (B-S) extrapolation approach [13] for diatomic systems whose potentials behave like Morse potential functions. On the other hand, the B-S method may produce considerable errors for many potentials having long-range potential tails, [14] and it may not work for many diatomic states whose high-lying vibrational energies near dissociation limit are not known.
In this Letter, we propose a parameter-free analytical formula for molecular dissociation energy D e based on LeRoy and Bernstein's energy expression. [15, 16] For a stable diatomic molecular system having potential energy V (R), LeRoy and Bernstein obtained a relation between the vibrational energy E ν and the vibrational quantum number ν using the first-order WKB (Wentzel-Kramers-Brillouin) quantum condition [15] 
where µ is the reduced mass, and both R 1 (ν) and R 2 (ν) are the classical turning points of energy E ν . Differentiating Eq. (1) with respect to E ν yields
If the vibrational potential V (R) is replaced near the molecular dissociation limit by a good approximate function which is accurately close to the outer turning point R 2 (ν) of V (R), the integral of Eq. (2) will be nearly unchanged. An asymptotic form for such a good function is chosen as [15] V
where D e is the dissociation energy of a molecular system, and the potential coefficient C n can be given by [15] 
Starting from Eq. (2) one may obtain an alternative expression for molecular dissociation energy D e [15] D e = E ν − n + 2 2n
where the derivative of the high-lying vibrational energies may be obtained using the following approximation [16] when a molecular system is near its dissociation limit
It is not easy for one to apply Eq. (4) or Eq. (5) to diatomic electronic systems since these equations are the functions of the long-range potential quantities n and C n . In their example studies, [15, 16] Eq. (5) and a numerical fitting procedure were applied to calculate molecular dissociation energy using a set of experimental vibrational energies E ν and a group of initial trial values of C 2 , n and D e . However, it is difficult for one to obtain good initial trial values of C 2 , n and D e for most diatomic molecular systems, and usually the final result of dissociation energy D e from these initial values has errors. In order to have a parameter-free formula for molecular dissociation energy, one may take the first-order derivative and the second-order derivative of E ν in Eq. (4) with respect to ν, and obtain
Substituting Eqs. (6) and (9) into Eq. (5), one obtains an alternative (10) where
. (11) Therefore, when very near the molecular dissociation limit one may take ν +1 = ν max , and Eq. (10) becomes
Similarly, for ν = ν max , Eq. (10) can be rewritten as
Since E νmax is the maximum vibrational energy of a stable diatomic electronic state, therefore E νmax+1 is a non-existing 'vibrational energy' being very close to E νmax , and in fact E νmax+1 < E νmax . In Eq. (13),
is not physical and may be a negative value, which may cause D e < E νmax . As a result of D e E νmax and as a rational approximation, one may replace E νmax+1 by E νmax in Eq. (13) , and obtain
Under the first-order WKB quantum condition, the difference between A n (ν max ) and A n (ν max − 1) is very small in the dissociation limit, thus one may take A n (ν max − 1) ≈ A n (ν max ) = A for a diatomic molecular system. Subtracting Eq. (12) from Eq. (14), and solving for parameter A, one obtains
(15) Substituting Eq. (15) into Eq. (14) yields
where
Equation (16) is an analytical formula for molecular dissociation energy, and does not depend on any molecular potential quantities such as C n and n. It indicates that one can obtain the molecular dissociation energy D e of a stable diatomic molecular electronic state by using its highest three vibrational energies E νmax , E νmax−1 and E νmax−2 . Since the right-hand side of Eq. (6) 
If Eq. (17) is violated, the highest three vibrational energies used to calculate D e will have errors, and so does the vibrational spectrum E ν . The key condition to obtain correct diatomic molecular dissociation energy D e using Eq. (16) is that one must use accurate high-lying vibrational energies near molecular dissociation limit. However, modern experimental methods and quantum methods usually give a vibrational energy subset [E ν ] which may not be very close to the dissociation limit of a given diatomic system. In our previous study, [17] an algebraic method (AM) is suggested to generate a full set of vibrational energy spectrum {E ν } using a known experimental vibrational energy subset [E ν ]. Together with the AM method, Eq. (16) is applied to study molecular dissociation energies for 10 electronic states of alkali molecules of KH, 7 LiD, 7 LiH, 6 LiH, NaK, NaLi and NaRb respectively. Table 1 gives the maximum vibrational quantum number, the highest three vibrational energies calculated either using the AM or the literature vibrational spectroscopic constants respectively, the approximate molecular dissociation energy D (16) and the highest three vibrational energies E = ν generated using corresponding literature vibrational constants. f Ref. [26] . g Ref. [27] . h Ref. [28] .
It can be seen from Table 1 Table 1 also demonstrates that the AM produces correct maximum vibrational quantum number ν max and the correct maximum vibrational energy E νmax which is very close to the molecular dissociation limit. A typical example is the electronic state X 1 Σ + of NaRb. Kasahara and coworkers [25] obtained 31 experimental vibrational energies for this system. Choosing an energy group from Kasahara's energy subset [E . In summary, we have presented a parameter-free analytical formula (16) for dissociation energies of diatomic molecular electronic states. The new formula for D e does not depend on any molecular parameters and any molecular potential coefficients, and is only the function of the highest three (experimental/theoretical) vibrational energies near molecular dissociation limit. The accuracy of the theoretical D e calculated from Eq. (16) is uniquely determined by the accuracy of these energies. An algebraic method (AM) is proposed recently [17] to generate a full set of vibrational spectrum {E ν } using a subset of accurate experimental vibrational energies [E ν ] which contains nearly all important quantum effects and vibrational information for a given stable diatomic electronic state. Using the highest three accurate AM vibrational energies near dissociation limit and the new analytical formula in Eq. (16), the molecular dissociation energies D e of 10 electronic states of alkali molecules of KH, 7 LiD, 7 LiH, 6 LiH, NaK, NaLi and NaRb are studied respectively. These AM dissociation energies D . These studies show that the new analytical formula in Eq. (16) together with the accurate high-lying AM vibrational energies supply a simple and useful way to study dissociation energies of diatomic molecules.
